Brownian Motion: ran

Hom walk simulation

-5

-7.3

Source: http://sag.maths.ox.ac.uk/tlyons/

Terry J Lyons, Wallis Professor of Mathdmatics

United Kingdom

ical Institute, University




Brownian Motion: random walk dispersion
4

-4 -2 -2 -1 1 2 2 4

Source: http://sag.maths.ox.ac.uk/tlyons/
Terry J Lyons, Wallis Professor of Mathematics
Mathematical Institute, University of Oxford, United Kingdom

Diffusion works best at small distances.
average displacement = (6°Det)1”2
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Neurospora: tip expansion

Expansion at the tip must
be coordinated with the
incorporation of new
material at the tip.

A signaling control system is
essential:

* a growth sensor sensitive to |
cell expansion

* a signal transducer.

The signal transducer is a tip-high
Ca?* gradient.

The other physical mechanism underlying tip
expansion is related to the feedback mechanisms.
How does the hyphal tip ‘know’ it is expanding, to
allow for continued incorporation of cell wall and
membrane at the appropriate, controlled rate to match
the rate of expansion? We have explored two aspects
of this. One is a polar gradient, tip-high, of Ca2+ in the
cytoplasm at the tip. The other is identifying the
mechanisms used to generate and maintain that tip-
high Ca2+ gradient.

Neurospora: Ca?* gradient

Growing hyphae
of Neurospora
crassa have a
tip-high Ca2+
gradient. The
magnitude of the
gradient is
correlated with
growth rate.

200
The elevated Ca?* will

mediate vesicle fusion
during tip expansion.
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rila LB and RR Lew (2003) Calcium gradient dependence of
155 hyphal growth. Microbiology (SGM). 149:2475-2485.

Neurospora hypha do exhibit a tip-high Ca2+
gradient, as imaged with Ca2+ sensitive fluorescent
dyes. If we quantify the gradient as the difference in
concentration at the tip versus behind the tip.
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The predictions
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distribution
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The Ca?+ gradient was initially fit to obtain an estimate of the diffusion
coefficient (5.6 pm? sec!) using a 4 second time interval, when the
hyphae would have grown about 1.2 ym. In dilute CaCl, solutions, the
diffusion coefficient for Ca?* is about 775 pm? sec-1. Intracellular Ca?+

diffusion coefficients are much smaller, 2-15 pm? sec-1.

Calcium

@ =in Distributions: in
e conidia and
~ hyphae
PR 6 Organellar Ca2* and
cytoplasmic [Ca2+]
¢ > exhibit time dependent
; o random walks.
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Permeability: Diffusion through a membrane

¢, (outside concentration)

¢; (inside
concentration)

Flux will depend upon the ability
of the particle to enter the membrane

(partitioning)
<~
d (distance) Partitioning. K, = Clmembrane )
K=+
(aqueous )
K,
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cm?
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Permeation through a membrane depends directly upon
the ability of the molecule to partition into the membrane




Relations between permeability, oil/water
partitioning and molecular weight
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Source: Collander, R. (1954) The permeability of Nitella cells to non-electrolytes.
Physiologia Plantarum 7:420—445.

There is a closer correlation when molecular weight
and oil/water partitioning are factored together.
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Pressure is one way to determine the
permeability of the cellular plasma membrane to
a solute molecule. Below, sucrose is
impermeable, but ethanol is permeant.
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c Shock: Hyphal Shrinkage
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Three Dimensions
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Random Walks — page 1.02 — RR Lew Fick’s Diffusion

Fick’s First Law of Diffusion dominates descriptions of molecular transport. It is a phe-
nomenological equation; that is, it is based upon experimental results and lacks a theoreti-
cal underpinning. The equation is:

. concentration gradient, dc/dx The movement of mol-
ﬂUX, J (mOI cm= sec ) f with units ?f (mol Cm'3)/(Cm), ecules depends upon the
2 or mol cm. concentration gradient of
dc cm” _ mol mol .
J==-D o— =( —)=( 5 molecules. This is
dx sec cm sec® cm described by Fick’s First

Law of Diffusion.

Diffusion coefficient with units of cm? sec™

The diffusion equation, J = —D(dc/dx), does not account for changes in concentration that
will occur as molecules move fom one location to another, in accordence with the flux, J.
(Instead, it assumes a steady state, in which the change in concentration over time is zero:
dc/at=0.).

How do we account for the non-steady-state time dependence of diiffusion? The deriva-
tion of a general equation relies upon the assumption of conservation of mass!'.

Consider the changes in flux, J, with respect to distance (dJ/dx) through a small volume

element of width x+dx and area A:
The change in flux
dx

over the small
1 oJ — 7 distance dx
J | J=J+—dx
flux of 5 ax

some solute at x flux of

’ ) some solute at x + dx
l_> Area, A

The change in the amount of solute in the volume element, Aedx, is equal to the amount
flowing in, JeA minus the amount flowing out, (J+(dJ/0x)dx)*A per unit time. Note that
the change in the amount of solute in the volume element Aedx can be expressed as dc/ot,
multiplied by the volume element Aedx.

Noble, PS (1974) Introduction to Biophysical Plant Physiology. WH Freeman and Co. pp 9-19.



Random Walks — page 1.03 — RR Lew Fick’s Diffusion

The change in flux
dx

over the small
‘ 6] M distance dx
J 1 r=v+ %
flux of : 0x

some solute at x H flux of

) ) some solute at x + dx
P l_> Area, A

dc oJ The change in the amount of
—dxeA=(JeA)-|J+—dx|* A solute in the volume element A-dx
ot ox is equal to the amount moving
into the volume element minus
the amount moving out of the

9 dxo A=(Jo A)=(Jo A)— (‘” A) k

volume element

ot
ac oJ
—dxeA=——dx°* A
ot 0x
Lo oc oJ This is known as the Continuity Equation
d1V1d1ng by dxe A: —=—— and is based on conservation of mass:
ot 0x that matter can be neither created nor destroyed.

Substituting the continuity equation, (dc/dt) = —(dJ/9x), dc 9 dc
into the flux equation, J = —D(dc/0x), yields: —=——|-D—
ot 0x 0x
dc 9°c
ot ox*

This is known as the Fick’s Second Law of Diffusion. It describes how the concentration
of the solute changes with position and with time as a result of diffusion. The solutions of
this equation depend upon the geometry. Books are devoted to solutions to the diffusion
equations!',

UCrank, J (1975) The Mathematics of Diffusion, Second edition. Clarendon Press, Oxford.



Random Walks — page 1.04 — RR Lew Fick’s Diffusion

From an historic point of view, it’s worthwhile to explore the method Adolf Fick used to
establish the veracity of what we now know as Fick’s Laws of Diffusions!!l.

Fick noted that the underpinning theory should be identical to that obtained for the diffu-
sion of heat in a conducting body (developed by Fourier), and Ohm’s Law describing the
diffusion of electricity in a conductor.

. . . . Y
For solute diffusion through a series of concentration strata "
(c, through ¢ ) varying with height (h ), Fick invoked con-
servation of mass:

de _ 0% !

ot on®

That is, the change in concentration will depend upon the second derivative of concentra-
tion with respect to distance, multipled by k, a constant dependent on the nature of the
substance. Note that this is suitable for a simple system, in which the geometry and
volume of each stratum is the same.

To test this, Fick used an apparatus in which a — Wt
steady state concentration gradient was created
between solid salt and pure water. He then mea- h
sured the specific gravity at various depths. Allow-
ing the system to reach a steady state, where dc/0t > salt
would be zero, leads to a solution of the second
derivative equation: a linear gradient: c=aeh +b. From d/oh (a-h+b) = a,
and d/dh (a) = 0.
12 In fact, this is what he found (Fick’s
- ] 1_15_«? data is graphed to the left) (square
| s symbols). He performed a further test
A u 11 % with a more complex geometry (a
A . - % funnel), in which the steady state
A A u 105 8 solution is a non-linear concentration
A , A n ] “?  gradient (triangle symbols).
s : - - e A W[
175 150 125 100 75 50 25
This was one of the starting points for
Depth (mm) Einstein’s elucidation of the molecular motion

underlying diffusion. The other was the behav-
iour of particles in solution: Brownian Motion.

WThe original english article (Fick, A: On liquid diffusion.) (an abstract of a longer German article)
was published in 1855, and republished in the Journal of Membrane Science 100:33-38 (1995).
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Figure 3.11 The measured diffusion coefficient D is plotted in logarithmic
coordinates as a function of the molecular weight M for 19 gases diffusing in air
and for 123 solutes diffusing in water. The data are from several sources (Tanford,
1961; Cohn and Edsall, 1965; Cussler, 1984; Lide, 1990). The measurements of solutes
in water were made at temperatures in the range of 20-25°C and are extrapolated to
infinite dilution. Those in air were made at atmospheric pressure and at temperatures
in the range of 0-26.1°C. Circles represent gases diffusing either in air or in water;

squares represent other solutes.

Table 3.3 Diffusion coefficients of selected molecules in air (above line) and water
(below line). All these are included in Figure 3.11, which also gives citations. M is the

molecular weight; D is the diffusion coefficient.

Molecule Medium Temp. (°C) M (g/mol) D (cm?/s)

Hydrogen Air 0 2 6.11 x 101
Helium Air 3 4 6.24 x 10-1
Oxygen Air 0 32 1.78 x 107!
Benzene Alr 25 78 9.60 x 1072
Hydrogen Water 25 2 4.50 x 1073
Helium Water 25 4 6.28 x 1073
Oxygen Water 25 32 2.10x 1073
Urea Water 25 60 1.38 x 1073
Benzene Water . 25 78 1.02 x 10-3
Sucrose Water 25 342 5.23 x 107
Ribonuclease Water 20 13,683 1.19 x 10-¢
Hemoglobin Water 20 68,000 6.90 x 107
Catalase Water 20 250,000 410 x 1077
Myosin Water 20 493,000 1.16 x 107
DNA Water 20 6,000,000 1.30 x 10-8
Tobacco mosaic virus Water 20 50,000,000 3.00 x 1078

(O
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Molecular and Thermodynamic Explanations of Ion Motion — page 1.07

Typical values for permeability coefficients

Membrane permeabilities of selected solutes in Chara, Nitella, human erythrocytes, and
artificial membranes'. ’

Solute molecular | olive 0il : | Chara Nitella Human Artificial
weight water ceratophylla | mucronata | erythrocyte | lipid
’ partition : membrane
coefficient s
water 18 1.3+10* 2.5+10° 1.2¢10° 25107 2.2010°
formamide | 45 1.1010° | 224107 7.6010° A.1010°° 1.0¢10*
ethanol 46 3.6°102 | 1.6410” 5.5¢10%  [R.1107
ethanediol | 58 4.9¢10% 1.1+10° 2.9010° 8.8010°
butyramide | 87 1.1-10* 5.0:10° 1.4¢10° | 1.1e10°
glycerol « [ 92 7.0010° " | 2.00107 3.2¢10° 1.6°107 5.4¢10¢

erythritol | 122 3.010° [6.7°10°
. ) 7 '

! compiled by Weiss TF 1996 Cellular Biophysics. Volume I:/TransportsMIT Press.
Original citations are Collander R 1954 The permability of Niftella cells to non-
electrolytes. Physiol. Plant. 7: 420-445, and Stein WD 1990 Channels, Carriers and
Pumps. Academic Press.

formamide ethanediol butyramide Q
O/ANHQ ‘ NP /\/lkNH2
glycerol  on erythritol oH on |
HO - LOH

OH OH

For comparison, permeability coefficients for ions are much lower. In an
artificial membrane:

Na* 10 to 10 cm/sec

cr 10

H0OH  10*to 10°®

In general, neutral solutes are relatively permeable, depending upon molecular
weight and their ability to partition into a hydrophobic environment. Charged
molecules are barely capable of partitioning into hydrophobic enviroments.
H*/OH is a notable exception among charged molecules.

!
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Figure 3.37 The permeability, P,, of the membrane of the cell of the plant Chara
ceratophylla versus the olive oil : water partition coefficient, k,, for a number of solutes
plotted on double logarithmic coordinates (adapted from Collander and Birlund, 1933 i
Tables 6 and 10). The symbols are used to indicate the molecular weights of the
solutes. The points with arrows indicate that the permeability of that solute was too
large to be measured, but is above the value at the base of the arrow. The regression

line has the equation log P,, = 0.930 log k., — 2.74 with a correlation coefficient of 0.86.
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Table 3.6 Membrane permeabilities of selected solutes in Chara, Nitella, human 1
erythrocyte, and artificial lipid membranes (Collander, 1954; Stein, 1990). M is the
molecular weight, and k is the olive oil: water partition coefficient.

Solute characteristics Membrane permeability (cm/s)
, Chara Nitella Human Artificial

Name M k ceratophylla mucronata erythrocytes lipid
Water 18 13x1073 6.6x10+4 25x1077  1.2x1073 22x1073
Formamide 45 1.1x10°% 22x10°5 76x10%  1.1x10- 1.0 x 104
Ethanol 46 3.6x1072 16x10* 55x107%  2.1x10-3

Ethanediol 58 49x10% 1.1x10-5 29x%x10°5 8.8 x107°
Butyramide 87 1.1x10% 50x10-° 14x10-5 1.1 x10-6

Glycerol 92 7.0x10°5 20x107  32x10° 16x10~7 5.4 x10-6

Erythritol 122 3.0x1073 6.7 x 1079




Molecular and Thermodynamic Explanations of Ion Motion — page 1.08

Permeability of Chara cells. The compounds, molecular weight, permeability, and
oil/water partition data are shown. Fiom Collander, R. (1954) The permeability of

e,

Nitella cells to non-electroytes, Physiol. Plant. 7:420-445.

Deuterium hydroxide 19 25000 0.0007 Trimethyicitrate 234 121 0.047
Ethyl acetate 88 25 Proprionamide 73 79 0.0036
Methyl acetate 74 " 25000 043 Formamide 45 76 0.00076
sec.-Butanol 74 9300 0.25 Acetamide 59 66 0.00083
Methanoi 32 5700 0.0078 Polyethylene glycol moncethyl ether 200 66
n-Propanol 60 7200 0.13 Succinamide 99 54 0.0049
Ethano! - 46 5500 0,032 Glycerol monoethyl ether 120 40 0.0074
Paraldehyde 132 12000 1.9 N,N-Diethyl urea 116 33 0.0076
U a9 5200 0,074 1,5-Pentanedio! 104 34 0.0061
iso-Propanol 60 3800 0047 Dipropylene glycol 134 31 0002
144 7500  0.081 Glycerol monochlorhydrin 110 30 0012
Dicthwiene giycol monobutyt ether 62 2600 o012 1,3-Butanediol 20 24 0.0043
Dimefiwi 70 1800 0073 2,3-Butanediol- 90 21 0.0034
test-Butanok 74 1900 0.23 1,2-Propanediol 76 17 0.0017
Glycesol dielbw! efiver 148 2300 0.1 N.N-Dimethyi urea 88 15 0.0023
P 90 1800  0.019 1 iol 80 14 0.0021
carbarnale 75 1600  0.025 Ethylene glycol 62 12 0.00049
Tricky clirate 276 2400 0.5 Glycerol monomethyl ether 106 12 0.0026
: * 76 990  0.0056 N.N-Dimethyl urea 88 12
Triacetin 218 1100 044 1,3-Propanediol 7% 10
Dimethytformamide 73 705  0.0049 Ethyl urea i 88 66 0.0017
Triethylene glycol diacetate 234 661 0.033 Polyethylene glyco! didcetate 380 6.3
Pyramidone 281 655 026 . Thiowrea - ! 76 86 00012
Diethylene giyco! monoethyl ether 134 406 0,006 Diethylens glycol 106 38
Caffeine 194 357  0.033 Methyl urea () 32 000044
Cyanamide 42 202 0.0045 Urea ! 60 13 0.00015
Telraethylene glycol dimethyl ether 222 285  0.0056 Triethylene glycol / 160 1
Pinacol 118 229 Polyethylene glycol diacetate 480 0.8
Diacetin 176 208 0071 Tetraathylene glycol 194 071
Methyipentanediol 118 181 0,024 Dicyanodiamide 84 046 0.00047
Antipyrene 188 192 0.032 Hexanetrio! 134 042
iso-Valeramide 101 182 0023 Hexamethylene tetramine 140 039 0.00021
1,6-Hexanediol 118 177 0.0068 Polyethylene glycol monoethyl ether 400  0.15
n-Butyramide 87 132 0.0095 Glycerol 82 0032 0.00007
Diethylene giycol monomethyl ether 120 134 0.0042 Pentaerythritol 136  0.002
. .
Permeability (cm/sec)(X107)
100000
10000
1000
100
10
1 3
0.1
0.01
[ ]
0.001
0.00001 0.0001 0.001 0.01 0.1 1 10 100 1000

Oil/water partition (teft, squares) or Molecular weight (right, circles)
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Sources:

Equilibrium

IOl'l [Ion]extracellular [Ion]intracellular [Ion]o
(mM) (mM) Potential (mV)
[Ion];
ANIMAL
Na* 145 12 12 +67
K* 4 155 0.026 -98
Ca* 1.5 <10"M 15¢10° +395
Crr 123 4.2 30 -90
INITELLA (FRESH WATER ALGAE)
Na* 1.0 15 0.067 -65
K* 0.1 120 8.3¢107* -169
Ca* 1.0 <107"M 15+10° +395
CI- 1.5 75 0.02 +93
VALONIA (MARINE ALGAE)

Na* 490 40 12.25 +60
K* 10 435 0.023 -90
Ca* 1.0 <107"M 15¢10° +395
Cl 560 140 4.0 -33

HIGHER PLANT
Na* 10 15 0.67 -10
K* 10 180 0.056 —69
Ca* 10 <10"M 110° +440
cr 1.5 75 1.35 +7

(animal) Hille, Bertil (1984) Ionic Channels of Excitable Membranes

(other) Luttge and Higinbotham (1979) Transport in Plants

o
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Atkins, P. (2010) The Laws of Thermodynamics.
A very short in‘troduction. Oxford University Press

Gibbs energy —>»

“\Equilibrium
~ Equilibrium

-t Equilibrium

Iy Progress t
of reactnon Pure products

Pure reactants

19. The variation of the Gibbs energy of a reaction mixture as it
changes from pure reactants to pure products. In each case, the
equilibrium composition, which shows no further net tendency to
change, occurs at the minimum of the curve
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2.2. Method of reflection and superposition &n\m‘mﬁ,\ Press,

2.2.1. Plane source
It is easy to see by differentiation that

4 2 2.1)
C= t—*exp(—-x /4Dt),
where A is an arbitrary constant, is a solution of
2
o€ _poc 2.2)
ot Ox?

which is the equation for diffusion ip one dimension when dD is const::;
The expression (2.1) is symmetrical with respect to x = 0, tend sfto zter_(j oo
approaches infinity positively or negatlvely.for t>0, .ag for ¢t =
vanishes everywhere except at x = 0, where it becomes infinite.

M 2
C= m exp(—x /4Dt), (26)
and this is therefore the solution which describes the spreading by diffusion

of an amount of substance M deposited at time ¢ = 0 in the plane x = 0.
Fig. 2.1 shows typical distributions at three successive times.
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Diffusion works
best at small

distances.
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sBrouwer ST, L Hoof, F Kreuzer (1997) Diffusion coefficients of oxygen and hemoglobin measured
by facilitated oxygen diffusion through hemoglobin solutions. Biochim Biophys Acta. 1338:127-
136.
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