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INTRODUCTION

Model theoretic saturation is defined in a very general context but
we will look at a very restricted class of objects.

DEFINITION

A symmetric function F : w? — k is (countably) saturated if for
every X € [w1]™ and f : X — k there is £ € wy such that
F(n,&) = f(n) for alln € X.

DEFINITION

| A\

A symmetric function U : w? — k is universal if for every
F: w% — K there is a one-to-one function e : w1 — wy such that

F(&,m) = U(e(é), e(n)) for all (£,1) € w}.

YOKKH |

UNIVERSITE
UNIVERSITY

JURIS STEPRANS (MOSTLY JOINT WORK WITH SAHARON SHELAF UNIVERSAL FUNCTIONS



If F: w? — K is saturated then it is universal.

However, there is a saturated F : w% — k if and only if 280 — .
But universality seems weaker and the following theorem of Shelah
shows that this is so.

It is consistent with set theory that 280 = X, and there is a
universal U : wf — 2.

The range of U in this theorem can be replaced by w. The original
methods establish this, but it also follows from more general
results of Mekler.
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QUESTION

Does the existence of a universal U : w? — 2 imply the existence a
universal U : w$ — w?

Since Shelah's original model for the consistency of 2% = R, and a
universal U : w% — 2 is a finite support iteration of ccc partial
orders, the following question arises:

QUESTION
Do cardinal invariants imply the existence or non-existence of a
universal U : w? — 27

QUESTION
Are there interesting weaker versions of a universality?
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o By atree T will be meant a subset T C “w = Upeo w" that
is closed under initial segments.
o If Tisatreeand t € T then T[t] will denote the tree defined
by
T[t] ={seT |sCtortCls}
and succr(t) will denote the set
{seT |sDtand|s| =|t|+1}.
o A tree T will be called infinite splitting if
|succr(t)] € {1,Ng} for each t € T.
o Define split(T) = {t € T | |succy(t)| = No} and define

split,(T)={tesplit(T) | [{ke|t|] |t] kesplit(T)}|=n}.
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THE PARTIAL ORDERS

DEFINITION

Miller forcing, is denoted by PT and consists of all infinite splitting
trees ordered by inclusion.

DEFINITION

Laver forcing, on the other hand, is denoted by LT consists of all
infinite splitting trees such that T \ split(T) is finite, also ordered
by inclusion.
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THE IDEAL S(G)

DEFINITION

A function ¥ : “w — [w1]<N0 satisfying that 1(s) N (t) = @
unless s = t will be said to have disjoint range. If G is a filter of
subtrees of ~w and v has disjoint range define

S(Gv)= |J ().

teN G

If G is a generic filter of trees over a model V' define

S(G) ={S(G,v) | v € V and ¢ has disjoint range} .

It will be shown that in various generic extensions S(G) is

a
P-ideal. YORK u
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ANNOYING NOTATION

o If T is infinite splitting then let W1 : “w — split(T) be the
unique bijection from “w to split(T) preserving the
lexicographic ordering.

o For t € “wlet T(t) = T[Wr(t)] Hence stem(T) can be
defined to be W (&) for infinite splitting trees T.

o Let {u;j}ic, enumerate “w in such a way that if k < |u;| then
there is j € i such that u; [ kK = vu;.

@ Then for infinite splitting trees T and S the ordering <, is
defined by T <, Sif T C S and Vs(u;) = V1(u;) for all
Jj<n.

o Define T\ gem denote {t € T | stem(T) C t}.
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If Tlkpr “S € S(G) and f : S — 2" then there is T* C T and
f*: w1 — 2 such that

T lpr “f* [ S=F"

Given T € PT find T C T and ¢ with disjoint range such that
T IFpt “S = S(G,%)". Now construct T, and £ such that:
Q0 To=T
Q Thi1<n Ty
@ the domain of 1 is ¢, UkSI\UT,,(uj-)I YW, (uj) | k)
@ if j € nthen
Tolu) ot "6 T Ucpur, (uy) U097 (1) 1K) € .
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Then if T* =, Tn it is clear that if f* 2 (J
f* witness that T* satisfies the lemma.

. then ¢ and

ncw

To complete the induction it suffices to note that

Tn<un> IFp “w(an(Un)) - 5”

and hence there are T* C T,(u,) and f* such that
T*lp “f [ (VT (un)) = F*. Let fr1=fy Uf* and note that
letting

Tn+1 = (Tn \ (Tn<un>)\stem) urt*

satisfies (2).
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COROLLARY (1)

T, IFpT S(G ) is closed under subsets”.

LEMMA

T, IFpT S(G ) is closed under finite unions.”

Given Corollary 1 it suffices to show that if
Tlkpr “{X, Y} CS(G)and XNY =" (1)

then there is ¢)* with disjoint range and T* C T such that
T*lFpr “XUY = 5(G,y*)".

JURIS STEPRANS (MOSTLY JOINT WORK WITH SAHARON SHELAH  UNIVERSAL FUNCTIONS



Begin by finding TCTand ¥x and 1y such that
T Ikpr “X = S(G,9x) and Y = S(G,¥y)".

Now let 1(t) = 1x(t) Uty (s) and construct { T, }pew such that
0 To=T
Q@ Thi1<h Tn
Q Y(s)Ny(t)=aif t € T, and s C W, (u;) for some j < n
and t # s.

If this can be done then let T* = ﬂ T,and ¥v* =1 | T* and
observe that T* IFpt “X U Y = S(G )"
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To complete the induction note that Hypothesis 1 implies that if
t Cse T then ¥x(t) NYy(s) = @ and hence (3) holds for n = 0.

Given T, let
B={J U @)
anSQ\UTn(uj)
and keep in mind that B* = {t € T, | ¥(t) N B # @} is finite
and B* C UJ'SH Tn<uj>\stem-

It is therefore possible to find T,+1 <, T, such that
B*N Tpy1 = @ as required.

COROLLARY

T, lkpr “S(G) is an ideal.”
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LEMMA (3)

If ;- - [w_1]<R° have disjoint range and T; € PT fori € w
then there are T; <g T; such that

(VI <Jj< w)(vt € (-,__i)\stem)(vs € (-,__J')\stem) 1/}1'(5) m¢i(t) = (@)
2

&

LEMMA (4)

If S is a PT-name such that T IFpr S € S(G)" and k € w then
thereis T <, T and: T — [w1] <X with disjoint range such
that T IFpr “S =* S(G,v)".
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Lemma 3 applied to the finite family { T (u;)}icx implies that the
general case will follow easily from the case kK = 0.

For each t € split;(T) find T; C T[t] and ¢, with disjoint range
such that Ty IFpt S = S(G, )"
Now apply Lemma 3 to the infinite family {t};eqpiit, () to find

T: C T such that 1 defined by

Y= U e | (-f_t)\stem

tesplit, (T)

has disjoint range. Let T = Utesp“tl(-,-) T,. It is immediate that P
and T satisfy the lemma.
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If Tlrpt “{Sn}new € S(G) and (Yn# m) S, N S, = 2" then
there are 1, with disjoint range and T* C T such that

T* Irpr “(Vn) S =" S(G, )" and ¥n(t) N ¥m(s) =
and m and S # t.

@ for all n
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Construct by induction T, and 1, such that:

Q@ To<o T

Q Thi1<nt1 Tn

@ T,lkpr “$ =" 5(G, 1)’

@ if i, j, k and ¢ are no greater than n and s # t and
stem(T) C s C Vr (u;) and stem(T) C t C V1 (u;) then
Yi(t) Nhe(s) = @

Q ifB,= U U U Yi(t) and t € U;c,(Th(ui)\ stem and

i<nk<nsCWr, (uj)
k € n then ()N B, = @.

If this can be done then simply let T* =, Tp.
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Suppose that T, and {¢}i<, have been constructed. Use
Lemma 4 to find _T,,+1 Sn_+1_Tn and 41 with disjoint range such
that Tpy1 IFpT “S =* S(G,Q/J,H_l)”.

To get (5) to hold at n+ 1 simply define ¢, 41 by

%) if there is j < n+ 1 such that t C Wt (u))
1/_1,,+1(t) otherwise.

¢n+1(t) = {
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To see that (4) holds for n 4 1 suppose that i, j, k and ¢ are no
greater than n+ 1 and s # t and stem(T) C s C W (u;) and
stem(T) Ct C Wy (u;). By the definition of ¥,11 it may as
well be assumed that k and ¢ are less than n+ 1. Since

Tht1 <pt1 Tn it may as well be assumed that i < j = n and that
t Z VWt  (um) for any m € n. In other words,

t ¢ U UI )\stem
ien

and hence induction hypothesis (5) implies that ¥, (t) N 1y(s) = @
as required.
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T, IFpr “S(G) is a P-ideal”. |

It suffices to show that if

T ||_PT “{Sn}new c S(G) and (Vn 7é m) Sﬂ N Sm ="

then there is T* C T and ¢ with disjoint range such that
T Ikpt “Upew S € S(G, )"

Using Lemma 5 there are ¢, with disjoint range and 7 C T such
that T* Ikpt “(Vn) Sp =* S(G,¢n)" and Yu(t) NYm(s) = @ for
all n.and m and s # t. Then define ¥(t) = U<, ¥«(t) and note
that T* IFpt “(Vn) S, =* S(G,v,) C* S(G,v¥)".
YORK[
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If G is PT generic over V and S € §(G), SC{cwy, f:5—2
are in V[G] and Z C 2¢ is nowhere meagre in V, then there is
z € Z such that f C z.

Let S and f be PT-names for S and f so that

Tlrpr “SeS(G)and f: S — 2. Then find T* C T, ¢ and
f*:w; — 2 such that T* lkpt “f* | S=f and S = 5(G,)".
Note that it follows that if t € T* then

T*[t] lkpr “F [ () = £ [ (2)".
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Let f = Ujg\stem(T_*)| f* | Y(stem(T*) | j) and let O be the open
set {h € 2¢ ‘ h>D f}. Then ZN O is not meagre in O. Fors e T*
let s* be the least element of split( T*) such that s C s* and define

O;=Sxc0 |x2 |J v
sCuCs*

If t € split(T*) then define

of= U o

Fe[succy« (t)]<No s€succr«(t)\F

and note that Of is a dense Gs in O for each t € split(T*

~—
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Hence there is some z € Z N (;cqpiit(7+) Of such that f C z and
(Vk € w)(Vt € split, (T7))(37s € sucer=(t)) Uscucs £ 1 9(u) C 2z

It follows that there is T** C T* such that T** ¢ PT angi such
that if t € T** then f* [ ¢(t) C z and hence T** IFpt “f C 2".
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APPLYING THE P-IDEAL DICHOTOMY

THEOREM (ABRAHAM & TODORCEVIC)

Let T be a P-ideal on wy that is generated by a family of Ny
countable sets — in particular, this will hold if 2% = Xy and

T C [w1]=No. Then there is a proper partial order Pz, that adds no
reals, even when iterated with countable support, such that there
is a Pz-name 7 for a subset of wy such that for any Y C w; which
is not the union of countably many sets orthogonal to T

llkp, “ZNY #3" (3)
1lkp, (Ynew) ZNnel” (4)

JURIS STEPRANS (MOSTLY JOINT WORK WITH SAHARON SHELAF UNIVERSAL FUNCTIONS



If G is PT generic over V' then no uncountable subset of wy in V
is orthogonal to S(G) in V[G].

Suppose that Z is a PT-name such that T lFpt “Z € [wi]™". It
suffices to construct a sequence of conditions T, € PT and
ordinals ¢, such that:

o To=T,

o Thi1 <, T, foreach n

° Cn < CnJrl )
Tn<Uj> lFpT “Cj € Z" foreachjen
because then it is possible to define T, = ﬂnEW T, and to define

P S w1 by
b(t) = {{CJ} if t =Wr, (u))
o] otherwise. YORK u

It is then immediate that T, IFpt “ S(G,z/)) N Z| =Np".
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To carry out the construction let T, be given and let

n = maxje, ;- Using that T IFpt “Z\ 1 # @" it is possible to
find T* C Tp(u,) and ¢, > n such that T* IFpt “(, € Z". Let
Thy1 = (Tn\ Tn<un>) uT

Let V be a model of the Continuum Hypothesis and suppose that
U :w? — 2 is a symmetric, category saturated function in V and
that G C PT is generic over V. In V[G] let H C ]P’S(G-) be generic
over V[G]. Then in V[G][H] the function U is universal.
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In V[G] there is R C wy such that [R]* C S(G) and RNY # &
for each Y € V[G] that is an uncountable subset of wy. Given
W : w? — 2 in V[G][H] that is symmetric, construct by induction
one-to-one embeddings e, : 7 — R of W I 72 into U such that
e, Ceifn<(.

o Limit stages of the induction are trivial.

e So, given g, let S C & be the range of ¢,,.

o Then S € [R] C S(G).

o Let f: S — 2 be defined by f(o) = W(egl(a),n) and note

that f € V[G] since V[G] and V[G][H] have the same reals.

@ PT preserves non-meagre sets.

@ Therefore {y € wy | f C U(x,7)} is an uncountable set in
V[G].

e Thereis v € R\ £ such that f C U(x,~) and, hence,
W(en*l(a),n) = f(o) = U(o,) forall o € S. YORKL"

o Let epp1 =6, U{(n,7)} e e
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COROLLARY

Given any regular k > N1 it is consistent with set theory that
o b=1N; (indeed, a = N;)
e 0=2N;
o M =g

o there is a universal graph on wi.
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@ The required model is the one obtained by starting with a
model of the Continuum Hypothesis in which 2% = x and
iterating, with countable support, wy Miller reals at even
coordinates and forcing with PS(G) at odd coordinates.

o Any category saturated graph in the initial model will be
universal in the final extension. To see this, begin by
observing that PT preserves CCohen,

@ Since PS(G) is proper and adds no new reals it is immediate

that it also preserves CCohen |t follows that the entire
countable support iteration preserves non-meagre sets and,
hence, any category saturated graph in the initial model
remains category saturated.
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o To see that all of these graphs are universal use the N,-pic to
conclude that the iteration has the Ny chain condition and,
hence, that any graph on w; appears at some stage.

o Note that bookkeeping using 2%t = X, is not needed.

o That D = N» is a standard argument using that Miller forcing
adds an unbounded real.

@ The fact that b = X; follows from the fact that b < non(M).
o To see that, in fact, the stronger result a = R; holds, it is not
possible to use the argument of Spinas or Eisworth because
IF’S(G-) is not a Souslin forcing, indeed, it does not even have

cardinality 2%, But, an earlier argument similar to the proof
that the iteration of proper partial orders is proper works.
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A DIGRESSION ON STRONG COLOURINGS

QUESTION

Recall Todorcevic's theorem — improving earlier work of
Sierpiniski’s, Galvin, Shelah — that there is a colouring

c : [w1]? = w1 with the property that the image of ¢ on [A]? is all
of wy for all uncountable A C w1. The existence of such a colouring
is denoted by N; - [Nl]il. How can this be strengthened?

v

One answer is provided by Moore who constructed a colouring

¢ : [w1]? = w1 with the property that the image of c on

A ® B = wy for all uncountable A and B where A ® B stands for
the rectangle {(a, ) € Ax B | o < §}.
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STRONG COLOURINGS OVER PARTITIONS

A related, but somewhat different question is the following:

QUESTION (ERDOS-GALVIN-HAJNAL)

Given G C [w1]? with uncountable chromatic number, is there
c: G — wy such that for all w : w1 — w there is n € w such that
the image of c on G N [w~1{n}]? is all of w1 ?

Note that the partition w is of singletons. The following definition
is more in keeping with the spirit of Moore's result.

Let p: [w1]?> — w. Define Ry +, [N1]? to mean that there is some

c : [w1]? — K such that for each uncountable X C wy there is

n € w such that the image of ¢ on p~*{n} N [X]? is all of k. | will
focus on Kk = Ng. '
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@ It is shown in Chen, Kojman, S. and later in Kojman,
Rinot, S. that it is consistent with various versions of set
theory that 81 -, [R1]2 holds.

o The positive relation ¥; —, [N1]? is also interesting and
consistent.

@ One might also ask for less than Xy =, [Nl]io. For example
only that there is some ¢ : [w;]?> — w such that for each
uncountable X C wj there is n € w such that the image of ¢
on p~1{n} N [X]? is infinite, rather than all of w.

o Even this weaker version can fail.
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If p: [w1]?> — w is category saturated and c : [w1]?> — w and

G C PT is generic over V and Mg = () G and H C PS(G) is
generic over V[G] and there is an uncountable X C wy in V[G][H]
such that M¢(p(a, 8)) > c(a, B) for all {a, B} € [X]?.

There is in V[G][H] an uncountable R such that [R]* C S(G)
and such that RN'Y # & for any uncountable Y € V[G].
Construct by induction distinct p¢ € R such that if £ €  then

Mc(p(pe; py)) > c(pe, py)-

To carry out the induction assume that R, = {p¢}¢e, have been
chosen.

YORKJ I

UNIVERSITE
UNIVERSITY

JURIS STEPRANS (MOSTLY JOINT WORK WITH SAHARON SHELAF UNIVERSAL FUNCTIONS



Since P ) adds not new reals it follows that R, € V[G] and so
there is T € G and ¢ € V with disjoint range such that
T IFpt "R, = S(G,%)". Let i be so large that T IFpt “R, C .

For each t € split(T) let
Ws=(xew' | x| U Y(u) | has constant value |s*|
sCuCs*

and define

Wi = {x cwh | (3%°s € succr(t)) x € Ws}

and note that W;' is a dense G; in w* for each t € split(T).

UNIVERSI
UNIYERS.I
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Since p is category saturated,
Bew |pPe [ W
tesplit(T)
is uncountable.

Therefore there is some € R\ R, such that for all t € split(T)
there are infinitely many s € succy(t) such that p(a, 8) = |s*| for

all @ € Uscycs ¥(u).
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Using this it is possible to find a tree T* C T such that
(Vk) split, (T*) C split(T) (5)
and such that for all t € split(T*) and all s € succr+(t)
vae |J w()| pla.B)=s"]
sCuCs*

noting that s* calculated in T is the same as in T* because of (5).
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By removing only finitely many elements of succy+(t) for each
t € split(T*) it is possible to find T** C T* such that

(Vk) split, (T*) C split(T) (6)
and such that

(Vt € split(T**))(Vs € succt«(t))(V5 € succt(s*))
2

ot e | | v | s0s) = 5(p(e. 8) > (e, B)
. (7)

noting again that s* calculated in T* is the same as in T**
because of (6). This implies that

Mec(p(a. 8)) > c(a, B) YORKu
for all « € R,. B
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BACK TO UNIVERSALITY

@ The arguments using Miller reals can be applied to the case of
Laver reals, but some changes are needed.

@ The notion of disjoint range has to be replaced by: A function
¥ “w — [wi]< will be said to have bounded, disjoint
range provided that:

o YP(s)Ny(t) = & unless s =t
o forall t € “w there is B such that |1)(t™j)| < B for all j
The definitions of S(G,v) and S(G) do not change.

o Instead of of starting with a category saturated graph, start

with a measure saturated graph.

@ Use that Laver forcing preserves outer measure.
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@ In the model obtained by iterating Laver and PID forcing
there is a (measure) universal graph of cardinality N;.

Unlike Shelah’s original model for a universal graph of
cardinality Ny, the value of b is Nj.

Onealsohash=t=s5=1%;
Of course non(L£) =Ny ...
@ ...and the Borel Conjecture holds.

Two questions have not been answered so far:

@ Does the existence of a universal graph of cardinality Ry imply
that 0 > N7

o What about a universal function from [w;]? — w?
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To show that the existence of a universal graph does not imply the
existence of a universal function with range w the following lemma
is key.

LEMMA (SHELAH)

If b = Ny and there is a sequence of pairs of natural numbers
{(m;, nj)}iew such that m; < n; < m;y1 for each i € w and

~

N
VFC [H [nf]””] (ag 11 ) (VF € F) (vK) g(K) ¢ £

iEw iEw

—
(00)
~

then there is no universal function c : [w1]?> — w.

JURIS STEPRANS (MOSTLY JOINT WORK WITH SAHARON SHELAF UNIVERSAL FUNCTIONS



To prove this, let B, : 7 — w be a bijection for each n € w;.
Suppose that ¢ : w? — w is a universal universal function. If
neécwandj € w let

fe() = {c(B M (K),€) € nj | k€ m;}
and use the hypothesis of the lemma to find a function

8y € [, ni such that g,(j) & f,¢(j) for every £ € wy and for all
but finitely many j € w.

Let U be a family of increasing functions from w to w that is <*
unbounded and such that |U/| = R;. Let ¢ : U X w1 — wy be a
bijection and define

b:wxw —w

by b(j, ¥ (u,n)) = g, (u()))-
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Now suppose that e : w; — w1 is an embedding of the partial
function b into c. Let i be such that e(j) € n for all j € w and let
u € U be such that there are infinitely many k such that

By (e(k)) € my).

Then choose j so large that g,(u())) & £ e(w(um))(u(j)) and such
that B, (e(j)) € my(j). Then

by, (u,m) = gy(u(i) # (B, (By(e(h)), e(¥(u, m)))
= c(e(j), e(¥(u, ) (9)

contradicting that e is an embedding.
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To use this lemma it suffices to find a model where 0 = N; (thus
also answering the first question) and there is a sequence
{(mj, nj)}ic, such that m; < n; < mj4; and

N
VF C [H [n,-]m"] (Hh € Hm) (Vf € F)(V°k) h(k) & f(k)

iCw iEw

(10)
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DEFINITION

Recall that PT¢ , consists of trees T C |J,c,, [1;c, f(i) such that
there is a function r : w — w satisfying that

o limp_oo r(n) = 00
o |succr(t)| > g(|t|,r(|t])) forall t € T.

Forany T € PT¢ g fix rr : w — w witnessing that T € PT¢ .
The ordering on PT¢ o is inclusion.

Note that letting n; = f(i) and m; = g(i,1) it is clear that forcing
with PT¢ , adds a function h € [];,, n; such that for all
f € [lic, [ni]™ there is some k such that h(j) ¢ f(j) for all j > k.

YORKJ I
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The partial order PT¢ , will be used with the functions f and g
defined as follows. First let a, > 0 be such that Ziio ap < 1. Let
g(0,0) = 1. If g(n, n) has been defined let
f(n) = max(g(n, n),2"). Then let g(n+1,0) = 1 and then choose
g(n+1,k+ 1) be so large that if

o [Xijlicg(nt1,k+1)jen+1 IS @ matrix of independent 2-valued

random variables

o the probability that X;; = 1is 1/2

o p:gn+1,k+1)x(n+1)—2
then the probability that

{icg(ntLk+1) | (Y €nt1)Xy=e()}| = g(n+1K)

(11)
is greater than 1 — a,/ ], _o f(m). It will also be required that
some other inequalities hold . .. YORK '
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DEFINITION

Define 1) : W= [w1]<X to be asymptotically small with disjoint
range if

Q@ ifs#t theny(s)NY(t) =
Q limeer [¢(t)]/[t] =0
If G C PT¢ is generic over V and 1) is asymptotically small with

disjoint range then the definitions of S(G,) and S(G) do not
need to be changed.
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@ All the lemmas that held for Miller and Laver forcing now
need to be reproved.

@ Once this has been done, in the model obtained by iterating
PT¢ . and PID forcing there is a (measure) universal graph of
cardinality N;.

@ In this model @ = X; = non(L).

@ One also has the hypothesis of the key lemma. Hence there is
no universal function from [w1]? to w even though there is a
universal gfraph of cardinality N;.

Now only one question has not been answered:

QUESTION

Is it consistent that there is a universal function from [w1]?> — w?

YORKHEI
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To answer this the PID idea does not seem to work and we need
Shelah’s idea.

DEFINITION

Suppose that Gg : [w1]*> — w and G : [w1]®> — w. Define

E(Go, G1) denote the set of all finite, one-to-one functions e that
are isomorphisms between G; | domain(e)? and Gy | range(e)?;
in other words, Gi(n,¢) = Go(e(n), e(¢)) for all distinct n and ¢ in
the domain of e.

DEFINITION

| \

If Go : [w1]?> — w and Gy : [w1]?> - w and T C “w is a tree then a
function E : T — &(Go, G1) will be called good if:

Q ifsandt belong to T and s C t then E(s) C E(t)

Q ifs and t belong to T then
range(E(t)) Nrange(E(s)) = range(E(s A t)). L"
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DEFINITION

Let P be a tree partial order. If Gy : [w1]?> = w and Gy : [w1]? — w
define Pg, ¢, to consist of triples (T, E,n) such that

Q@ TcP
Q@ E: T — &(Goy, Gy) is good

Q neuw.
If p=(T,E,n) € Pg, ¢ the notation (TP, EP,nP) will be used to
denote (T, E,n). Define p < q if and only if

Q@ 7PCTH

@ EP(t) = E9(t) for each t € TP such that t C stem(TP)
@ EP(t) D EY(t) for each t € TP such that t O stem(TP)
O (range(EP(t)) \ range(E(t)))Nn? = forallt € TP

0 7P =nf. L!‘
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If G C Pg, g, Is generic define Eg : wy — w1 by
Ec = Upec E(stem(TP)).

o It is immediate that E¢ is a partial embedding of Gy into Gp.

However, some extra requirements will be needed to
guarantee that Eg is a total embedding.

Things work out nicely for P being Miller forcing.

Note that we now need to deal with bookkeeping and so
281 — RN, in the final model.

Why can we deal with functions, rather than graphs? Eg tells
us the position of an element of S(G).

YORKQJ
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QUESTION

What does MA or even PFA say about the existence of a universal
graph of cardinality N1 ?

QUESTION

Does 0 > Ny and the existence of a universal graph of cardinality
N1 imply the existence of a universal function of cardinality N1 7

QUESTION

Sacks forcing does not lend itself to the approach discussed here.
So, if all cardinal invariants other than ¢ are Ry (to be precise, the
values of cardinal invariants are those of the Sacks model) is there

not universal graph of cardinality N1 ? | '
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